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ABSTRACT 
This paper presents a unified treatment of the analysis of 
dynamic rotor-bearing systems.    Fundamentals of shaft whirl and 
journal bearing lubrication theories are carefully examined,  in 
preparation for more advanced techniques.    The material included, 
however,  is not primarily an outline,  as is often the case with pub- 
lished syntheses in this field. 
The concept of synchronous shaft whirl is examined first,  in 
detail.    The subject of "critical speeds" is covered in three chapters: 
the first includes the analysis of simple systems,  the second introdu- 
ces some of the factors having effects on "critical speeds, " and the 
last gives descriptions of most of the common methods for predicting 
"critical speeds. " 
The next two chapters introduce the important topic of journal 
bearing spring and damping coefficients,  and how they may be an- 
alytically and experimentally formulated.    Relevant material from 
lubrication theory is also reviewed. 
An accounting is made in the following chapter of the principles 
of rotor-bearing system response analysis, with particular emphasis 
on the Lund-Orcutt method. 
Some additional concepts in rotor-bearing systems analysis 
are then outlined,  including three self-excited rotor whirls,   "sec- 
ondary critical speeds, " and applicability of the theory to rotor 
balancing techniques. 
The last chapter provides a useful application of the Raleigh 
and Dunkerley methods for predicting upper and lower bounds of the 
first "critical speed" of a single-stage centrifugal pump manufactured 
by the Inger soil-Rand Company.    The approximate values obtained 
clearly indicate that a first-mode whirl may be the source of the 
vibration problem at running speed.    The modeling process and sub- 
sequent calculations are of a graphical nature. 
INTRODUCTORY REMARKS 
There has been in recent years an effort toward understanding 
more completely the dynamics of rotor-bearing systems,  and most 
of the analytical and experimental results have been documented. 
Although fundamental techniques of rotor-bearing systems analysis 
are found in most introductory vibration and lubrication texts,  the v 
scope of the presentations is usually narrow.    In fact,  few such texts 
introduce the important concept of journal bearing spring and damp- 
ing coefficients. 
It is,  therefore,   difficult to obtain in the literature a unified 
approach to the analysis of dynamic rotor-bearing systems, with 
particular reference to the pertinent lubrication theory.    These 
reasons,  among others,  have prompted the writing of this paper. 
An exhaustive,  detailed investigation of all aspects of rotor- 
bearing systems dynamics is not the intent of this work.  Rather, 
those basic,  yet seemingly scattered,  elements of the analysis are 
brought together, or synthesized,  into one coherent presentation. 
We will concentrate our efforts toward a>thorough understanding 
of the mechanics of synchronous shaft whirl; the prediction of so-called 
"critical speeds;" the theory of hydrodynamic journal bearing "linear- 
ized" spring and damping coefficients; and,  finally,  the combined 
flexible rotor, flexible bearing system response analysis. A practical, 
simple example from industry is also incorporated. 
It is the author's hope that this work will contribute to ulti- 
mately join the sometimes separate fields of machine dynamics and 
lubrication technology:   fields which must be vitally connected in order 
to accurately predict rotor-bearing system performance. 
1_.    UNBALANCE WHIRL OF 
VERTICAL DISK-SHAFT SYSTEMS 
Introduction 
In this chapter,  we will introduce the concept of shaft whirl. 
By examining simple disk-shaft systems, we will be able to formulate 
analytical expressions for "critical speeds. "   We will examine two 
classes of systems:   one,   in which the bearings are infinitely stiff, 
and another,  in which the bearings are flexible in orthogonal direc- 
tions. 
Description of Shaft Whirl 
Consider the simple disk-shaft system shown in Figure 1. 
A rigid disk is attached to a flexible, massless shaft and is supported 
in infinitely stiff bearings.    If we examine the rotational motion of the 
system, we will observe that at any particular time,  the disk will be 
spinning about its own axis with speed J7. and the plane formed by the 
bent shaft and the line of bearing centers will be rotating with speed 
*Y   .    Any combination of J\ and ^willbe possible,  including op- 
posite directions.    Indeed, we can say that the shaft-disk system is 
"whirling" whenever  Irfl   >   0. 
A distinction can be made between cases where   -H-   7^    ^ 
and the special case where   SL «•    "^     .    We classify the former cases 
as "nonsynchronous" whirls and the latter as "synchronous" whirl. 
We also call cases where Si and Iff are in the same direction (same 
sense) forward whirls and cases where.J?   and ijr are in opposite 
directions,   reverse whirls.    We see,  then,  that even for this simple 
system several combinations of motions are possible.    However,   in 
future studies, we will be primarily concerned with forward synchro- 
nous whirl. 
Analysis of Forward Synchronous Whirl:   Fixed Bearings 
Whirling of simple disk-shaft systems may be caused by many 
factors,  among them: mass unbalance,  hysteresis damping,  gyro- 
scopic effects,  and fluid friction.    For the  present analysis, we will 
only examine the effect of mass unbalance on the forward synchronous 
whirl of a simple shaft-disk system. 
The system to be analyzed is shown in Figure 2.    A disk of 
mass m is mounted in bearings on a flexible,  massless shaft and the 
centerline of the bearings remains fixed.   'We denote the center of 
mass of the disk by G,  the geometric center of the disk by S,  and the 
location of G from S by the parameters e and    <p .    The shaft is sub- 
jected to a centrifugal force caused by the eccentricity of the center 
of mass from the bearing center O.    Clearly the bent shaft whirls 
around the bearing centerline synchronous with the rotational speed 
to of the shaft.    That is,  in synchronous whirl at speed o> ,  points G, 
S,  and O remain fixed relative to each other. 
We can now write the equations of motion for this system. 
Let the position of S be denoted by j%      V \ •    The  position of G is 
6 
then ^ (Xs + JZ. cof, cot), (y * 4 &/><*$. Assuming lateral shaft stiffness 
k and linear (viscous) damping c proportional to the velocity of S, the 
equations of motion in the x- and y- directions are: 
i"* ^ (_ V- * A. ct>s ui±) - ik ic   — ex.   ^ 
Upon expanding, we obtain: 
/m ]L  +   c jc  +   & IL   *  sm.4. co c*& cot 
s s a 
sin 4.    +   c  U.    ■+    "£$£.*   ^m*.  co~ s>* co-t 
These two equations are similar to those of a single degree- 
of-freedom forced harmonic vibrating system with equation: 
/Hi. )L   -h    C V- •+    ~& u     =■        /f S*'n ui± 
for which the solution consists of two parts:   the complementary 
function and the particular integral.    We will solve the above equation 
by assuming a particular integral of the form: 
* -  X V* (<*± -   0) 
Recalling that in harmonic motion the phases of the velocity and ac- 
celeration are ahead of the displacement by 90° and 180° respectively, 
we can display the terms in the above differential equation in the form 
of a diagram,  Figure 3.   As can easily be seen in the diagram: 
z 
since f -k 2 - s* cJ- x )     +   (c co X)   *      F 
and 0     =     -/z2>r        / — jr / 
By analogy, we can write the solution for the shaft whirl 
problem: 
"£      * sMJL a      C**  (CrL- , j] 
s
       UW^T^TTc^ 
OS   = {yFT~yF  = *>*rAcJ 
y( tfj- *>>nJ'jL ■+■ (c u>f 
'hut 6 = c fc*> 
"A- An CO 
We observe that for a certain value of co , the radius OS will assume 
a large value.    In order for us to define the undamped "natural fre- 
quency" of this shaft-disk system, we will simplify the system to that 
shown in Figure 4;   the effect of linear damping c is not included. 
\ 
\ 
Considering the forces acting on the disk in the y-direction, 
we observe that there are two forces.-  the centrifugal force/rnA//-^^/ 
and the resisting force of the shaft, k y.    Equating the two, we obtain: 
z 
or U   * JL fcOZ 
From the last equation we observe that y-» eo when the rotational (and 
whirling) speed is equal to: 
■where W is the weight of the disk. 
This speed co is commonly called the "critical speed" or 
"critical-whirling speed" and is seen to be analogous to the undamped 
natural frequency of a simple mass-spring system.    In reality,  though 
this comparison is somewhat misleading.    Since the shaft and disk are 
in a state of synchronous whirl,  the deflected shape of the system is 
constant (in the rotating reference frame) and there is in fact no 
vibratory behavior.    The theoretically infinite amplitude y at   CO 
is a statically-divergent phenomenon.    In reality,  the amplitude is 
never infinite,  due to system damping,  as we shall see. 
Z 
From the equation "U *    -g. to 
2. * 
"ft /srK.  "~   *o 
it is evident that if .co >-Jz.     (or    co > Co   ),  the numerical value of y 
as calculated is negative.    This means physically that above the 
"critical speed"   co     ,  the position of the center of mass G changes 
with respect to the bearing and disk centerlines.    This phenomenon 
is shown in Figures 4(b) and (c),  and is graphically illustrated in 
Figure 5.   We see,  then,  that the side of the shaft which is convex 
below the "critical speed" becomes the concave side at speeds above 
the "critical speed. "   Also, for very large values of CO , the center 
of mass of the disk is approaching the axis of bearing centerlines. 
Therefore,  a single mass rotor such as the one considered would be 
expected to operate quite smoothly at a speed ej much greater than 
W    ">   the system -will not become unstable at high speed. 
Due to system damping,  the deflection y will not become in- 
finite at co i   as shown typically by the dotted line in Figure 5.    Also, 
due to damping,  the numerical value of the "critical speed" will be 
slightly altered, but for small damping this effect is not significant. 
It is important to realize that damping in the form of inherent material 
damping is of no benefit at the synchronous unbalance "critical speed" 
since the deflected system maintains its shape.    The chief source of 
damping,  then,  is provided by the journal bearings.    This effect will 
be examined later in greater detail. 
Analysis of Forward Synchronous Whirl:   Flexible Bearings 
We will now examine the effect of bearing flexibility on the 
analysis of the simple disk-shaft system of Figure 4.    A schematic of 
this new system is shown in Figure 6.    We consider the case where 
the combined spring constants of the bearings and shaft are k    and ky. 
for the x- and y- directions,   respectively.   Neglecting damping, we 
can verify that the equations of motion of this system are: 
/nL   at     (£-(■ -A- c-o& ca-L)        ■+      *fc     }C     -*■    O 
7. 
which are equivalent to: 
... i. /M y +     ~fe   X    »      /w^ m  cos cot: 
x 
Shi    U  +       rt..     V     *      s?ru   fiO     <*'>»  CJ-t 
10 
The steady-state solutions are then: 
z 
2 
I 
/> —  =■      Y 5//j arc 
By squaring and adding the above two equations, we obtain: 
J* 
2 
r-v     V-   -i~:      - Cot co-t   +   5/* od 'bt'n at   -=-   I 
■which,  it will be recalled,   is the equation of an ellipse.    Therefore, 
the center S of the disk moves along an elliptical path during the 
motion. 
By examining the equations for x„ and y    (above) , we see 
that there will be two "critical speeds:"   one when 
** - /*„ A 
and another when 
CJ
- *   /^y/^t 
At frequency CO.  the horizontal (x-) motion is statically diverging and 
the path of the center S of the disk is an elongated horizontal ellipse. 
At another speed CO ,  the transverse (y-) motion is statically diverging 
and the path of the center S of the disk is then an elongated transverse 
ellipse.    There are,  in fact,  two "critical speeds" but we may not say 
that the shaft whirls at either speed,   since the elongated ellipses at 
the "critical speeds" have major axes which are, theoretically,  of 
infinite length! 
11 
For the particular case where the combined shaft/bearing 
stiffnesses are equal in the x- and y- directions: 
k    = k    = k* 
x      y 
there is now only one "critical speed:" 
Since this factor k' takes into account the bearing deflections, we 
should observe that during whirl,  the ends of the shaft will move in 
circular paths.    Likewise,  for the factors k    and k    ,  the ends of the 
x y 
shaft will move in elliptical paths. 
O^   ~     V7t   /sm- 
12 
2.    CRITICAL SPEEDS :   PARTI 
Introduction 
We have already defined the term critical speed with reference 
to some idealized disk-shaft systems.    Obviously,  few,  if any,   real 
rotors are treated as single mass disks,  and yet we should suspect 
that these real systems will also exhibit critical whirling speeds.    A 
more complete treatment of the methods for predicting critical speeds 
of actual systems will be presented in Chapter 4.    In this chapter, we 
will discuss some of the practical reasons for being able to predict 
accurate critical speeds of actual rotor-bearing systems.    We will 
then consider two calculation techniques for predicting the critical 
speed of rigid bodies,  and will conclude with a method to compute the 
critical speed of a simple flexible rotor, flexible bearing system. 
Practical Benefits of Accurate Critical Speed Prediction 
The importance of being able to predict accurate critical speeds 
cannot be underestimated.    In fact,  we must only consider just a few 
of the many consequences that could develop should a rotor-bearing 
system be operated in the vicinity of,   or directly at,  a critical speed. 
Consider a high-speed jet engine shaft, with attached rows of 
compressor blades.    If this shaft were operated at a critical speed,  the 
deflections would probably get so large that permanent damage would 
From this point on, we shall discontinue the use of quotations. 
13 
be done to both rotating and stationary components.    At the same time, 
the large shaft deflections would cause larger than normal bearing 
reactions (due to centrifugal force) and may cause a bearing failure. 
Also,  the large deflections may produce an over-stressed rotor in tenns 
of fatigue life,  and the shaft could fail at some future time.    The danger* 
to personnel and passengers is obvious. 
A marine power plant shaft must operate under a wide range of 
speed and load conditions.    If a critical speed were encountered in the 
practical operating speed range,  the consequences may not be as se- 
vere as for the jet aircraft shaft, but nevertheless,   there would be a 
serious threat of some type of failure. 
Although We have not yet formally discussed it, balancing plays 
an important role in the area of critical speed prediction.    A rotor not 
operating near any critical speed will be,  in general,   easier to balance 
than a rotor which is operating at or near a critical speed.    The larger 
amplitudes of vibration near the critical speed lead to high residual 
unbalance forces.    Balancing machines are simply not designed to 
absorb the large residual unbalance forces resulting from an attempt 
to balance the rotor at or near the critical speed! 
It is imperative,  therefore,  that no high-speed rotor be oper- 
ated at or near a critical speed.    For this reason, we must be able to 
accurately predict these speeds,  using whatever methods or techniques 
are currently available.    There are in existence large-scale computer 
14 
programs which predict accurate critical speeds and take into account 
nearly all practical variables.    However,  these programs are the 
results of laborious hours on the part of the computer programmers 
and engineers,  and do cost a substantial sum. 
There are several techniques which are useful to approximate 
the lowest critical speed of a rotor.    These techniques are rather 
simple and can be performed usually by one person,  at low cost.    It is 
up to the discretion of the analyst to choose a prediction method which 
will produce the "best" results in terms of the time and money ex- 
pended. 
There is no reason why at least a rough estimate of critical 
speed cannot be obtained for most shaft-bearing systems.    The calcula- 
tion techniques are not too involved,  and often the predictions are not 
too much in error. 
Rigid Body Critical Speeds 
"When the deflections of a rotor are very small with respect to 
the deflections at the bearings, we may treat the rotor as if it were a 
rigid body.    Since a rigid body has mass,  and its supports have flexi- 
bility,  it will be possible to define and formulate critical speeds.    Two 
"modes" of synchronous whirl of rigid bodies will be considered: 
cylindrical whirl and conical whirl (4). 
Numbers in parentheses denote References at end of paper. 
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Cylindrical Whirl of a Rigid Shaft 
Consider the system shown in Figure 7.    A symmetrical shaft, 
presumed rigid,  carries a mass unbalance and is supported in two 
bearings,   each considered as an isotropic spring with stiffness K. 
Let the total mass of the shaft be m.    Then we are able to define the 
critical speed of this system by: 
«*. -   ■> 2* 
/ 
The additional factor 2 in the numerator is necessary because the mass 
is supported on parallel springs, with a combined effective spring 
constant 2 K.    During whirl,  the centerlines of bearings and shaft re- 
main parallel,  and the whirl orbit is circular.    This mode is some- 
times called the translatory mode. 
Conical "Whirl of a Rigid Shaft 
Another possible mode of rigid shaft whirl depends on the 
distribution of rotor mass and the distance between the bearings. 
A schematic of the system considered for this type of whirl is 
given in Figure 8.    A rigid,   symmetrical,  unbalanced shaft is sup- 
ported in two bearings,  each considered as an isotropic spring with 
stiffness K.    Let   I   be the transverse moment of inertia of the system 
at the midspan,  and let the bearing centerline. distance be  L. 
16 
According to (4), -we equate the inertia moment and the restoring 
spring moments to obtain the critical speed of conical whirl: 
CO 
V   2 X 
During whirl, the point at L./2 on the rotor axis remains fixed while 
the locus of the shaft centerline on each side of the'center is a right 
circular cone.    The largest amplitudes occur at the bearings. 
We must also be aware that the natural frequency of vibration, 
and hence the critical speed, will be affected if a gyroscopic effect is 
taken into account (when the-polar moment of inertia is significant. ) 
We will examine the gyroscopic effect in greater detail in the next 
chapter. 
Critical Speed of an Unsymmetrical Single Disk-Shaft System 
We recall from Chapter, 1 the basic equation for critical speed 
of an unbalanced,   symmetrical disk-shaft system: 
Since spring stiffness k is, by definition,  a force per unit deflection, 
at the disk of weight W with static deflection y     we can substitute yst 
**■' ~xT    into the above equation to obtain: 
J>7 **  "     i/J/ /* 
This equation may be applied to any shaft having negligible weight 
17 
•which carries a single disk mounted anywhere along the length of the 
shaft.    We define y      as the static deflection of the shaft at the location 
of the disk produced by a force equivalent to the disk weight. 
We will illustrate the use of the above equation to determine the 
critical speed of the system shown in Figure 9.    A single disk of weight 
W is mounted on a very light shaft of bending flexibility El and the ends 
of the shaft are considered fixed (no rotation. )   From strength of 
materials theory, we find that: 
and so the critical speed is simply: 
60    * 
•"H 
We conclude this chapter by examining a system consisting of a 
flexible rotor mounted in flexible bearings,  adapted from (6).    The 
configuration is shown in Figure 10.    We wish to predict the critical 
speed of this system using the equation: 
This equation may be applied to such a system, but we must be careful 
that y  . includes the effects of both shaft and support deflection.   Sup- 
pose that the disk weighs 500 pounds,  the modulus k equals 200, 000 
•lb/in,  and the bending flexibility is such that the static deflection at the 
disk assuming fixed (no rotation) end conditions is known to be 
18 
O    x    O. OOZO in   .    We may immediately calculate the corresponding 
o 
critical speed: 
co    ~     /?"/'*!       ~    y 38t. fo.coZa     =      42?-JWT 
To include the effect of the deflection of the supports (no rotation of 
shaft ends) we perform the following calculations. 
Reactions: 
/?,   •+■   g      =     Sac 
ye, »      11>7   Si> 
IZZ  -    333    /h 
Deflections at Supports: 
^   *      Kt /rf   =      0.7/2*0 0*0    =      B.3* xtt      "> 
Lj,   =      (l^ j\£   =    333/'2060*o   =       /•   17x16      ir, 
Deflection at Weight W: 
_3 
s 
Total Deflection at Weight W: 
& +   S~   •*      (o.oc2o ■*   0-00/39)    - a.00339 m 
We thus can see that the inclusion of bearing flexibility has decreased 
the value of critical speed by approximately 23%.   The important 
19 
conclusion to be drawn from this simple example is that if the 
bearings are flexible,  the critical speed -will,  in general, be 
reduced.    Thus, we should never neglect the bearing flexibility 
■when we must predict relatively accurate values of critical speed 
of simple systems. 
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3.    CRITICAL SPEEDS:   PART II 
Introduction 
Some of the more accurate methods of predicting critical speeds 
■will be presented in the next chapter.    However, many advanced meth- 
ods •will take into account other system parameters besides mass, 
stiffness,  and flexibility.    As we shall see,  critical speed is not 
synonymous with natural frequency.    The natural frequency of a real 
rotor-bearing system generally varies with running speed. 
In all our discussions to this point, we have implied that crit- 
ical speed and natural frequency were one and the same.    In this 
chapter we examine some of the factors which should be taken into 
account in an advanced method for predicting critical speeds as more 
accurately defined and formulated. 
Shear Deformation 
The analytical tools for calculating the transverse shear defor- 
mation of beams are readily available.    We will not examine them in 
detail at this time.    The general effect of shear deformation is to 
produce greater flexibility (reduced stiffness) in the beam system. 
By analogy to the effect of bearing flexibility in the last chapter, we 
will expect lower natural frequencies (and hence critical speeds) when 
the effect of shear deformation is included in the analysis. 
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Effects of Mass Moment of Inertia of Disks (4) 
Rotary Inertia Effects 
With reference to nonrotating beams in transverse vibration, 
the basic concept is that the kinetic energy of rotation of cross - 
sectional planes about the neutral axis of a beam may be significant. 
In other -words,  there is a couple required to accelerate the beam 
element in rotational motion about the neutral axis.    The overall 
effect is to increase the effective inertia of the beam and,  in general, 
to predict lower values, for natural frequencies. 
In particular,  for the disk shown in Figure 11, we have: 
F      «= s*n. e**     si/ 
M    *      B «* </> 
where B = mass moment of inertia of disk about a diameter. 
Another aspect of the rotary inertia phenomenon manifests it- 
self in rotating shafts with attached disks.    Consider the disk shown in 
Figure 12 (a).    Clearly the centrifugal forces form a couple,  thus 
tending to straighten the shaft and therefore making the system stiffer. 
In particular,  the moment applied to the shaft is equal to: 
M ^   *? 4 j <£ curt -   c£ <f> & 
which is observed to be the same expression as that for M above.    In 
Figure 12 (jb), we observe that for a long narrow disk, the centrifugal 
couple is reversed: the disk is actually forced away from the neutral 
position. 
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Gyroscopic Effect 
According to classical dynamics theory,  a gyroscopic moment 
■will be produced whenever there is a change in the direction of the 
angular momentum vector.    This is why a gyroscope does not seem to 
react to imposed forces as expected: a lateral force on the end of a 
gyroscope produces displacement at right angles to the applied force! 
If we observe the two systems shown in Figure 13, we see that 
the disk of Figure  13 (a) will whirl in its own plane, while the disk of 
Figure 13 (b) will not.    Therefore,  there will be a gyroscopic effect 
on the disk in (b); there will be no such effect on the disk in (a). 
We now formulate an expression for the magnitude, of the gyro- 
scopic moment with the aid of Figure 13 (c).    The components of angu/ar 
momentum H are given by: 
H     -     A ^ £°$ d 
where A,  B = mass moments of inertia about axis of symmetry 
and diameter,  respectively. 
The moment which must act on the disk about the center of mass to 
sustain the  prescribed motion is equal to the time rate of change of 
H or: 
where U       9 U      tlh  <h   -     U    Cc& A 
9 \ "* 
*      ( A - &) co 3/i -^ os d 
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For small angle  (ft  , we replace sin ci   by  <fi  and cos <f    by 1. 
Using this simplification, we obtain: 
A-e) o>   & 
for synchronous whirl at speed CO . 
The effect on the rotating system, where A>B,  is that critical 
speeds are increased.    We recall that the gyroscopic moment is pro- 
portional to the time rate of change of the angular deflection of the 
shaft and is directed 90    from the transverse angular velocity.    There- 
fore,  to properly account for the gyroscopic moment in analysis, we 
must consider the shaft as bending in two planes. 
Bearing Flexibility 
Since all real bearings deflect under load,  the deflection of the 
shaft is increased overall.    The result is a general lowering of the 
critical speed.    Even shafts supported in hydrodynamic journal bear- 
ings will have their critical speeds reduced due to the flexibility of the 
oil film.    Systems whose bearings have different stiffnesses in two or- 
thogonal directions will in general exhibit more critical speeds than 
those systems where the bearing stiffnesses are considered isotropic. 
Damping 
As can be shown in vibration analysis courses,   damping does 
reduce the dynamic deflections of a system.    For rotating shaft-bear- 
ing systems,  the damping characteristics of some journal bearings 
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\y 
■will slightly alter the values of the critical speeds but the primary- 
effect is to limit the unbalance whirl amplitudes of the journals,  and 
hence, the force transmitted through the bearing. 
Shrink Fits and Shaft Discontinuities 
Machine elements -which are shrunk onto rotating shafts,   such 
as impellers,   gears,   pulleys,   and so on,  will increase the stiffness of 
the shaft in bending and will have an effect in raising the critical speeds 
of the system.    It is,  however,  difficult to accurately estimate the 
stiffening effect. 
Figure 14 shows two frequently encountered discontinuities of 
solid rotors.    In the process of modeling a shaft with these discontinu- 
ities,  it would be incorrect to assume that all the shaft material pos- 
sesses stiffness.    Therefore,  the cross-hatched areas indicate approse 
imations to those portions of the shaft which should be neglected from 
a stiffness point of view. 
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4.    CRITICAL SPEEDS:   PART in 
Introduction' 
We must realize bytnTFp^^t that no real rotor-bearing system 
is represented by the idealized single mass rotor.    In fact,  all real 
systems possess distributed mass and elasticity.    In this chapter, we 
will present many of the known methods -which may be useful for pre- 
dicting numerical values of critical speeds of shafts.    Note that we now 
refer to the plural "speeds" since any distributed mass system can be 
considered as having an infinite number of natural frequencies. 
As we will see,  some of these methods are approximate but ate 
» 
not too involved.    Other methods practically require that the user have, 
access to a digital computer, but naturally are more accurate.    The 
system analyst must decide which methods to apply based upon the cost 
time expended,  and accuracy desired. 
Raleigh's Method (2) 
The Raleigh method is a conservation of energy method by 
which an approximate first mode natural frequency can be obtained. 
It is assumed that the total energy of the system (kinetic plus potential) 
remains constant.    Therefore,  the Raleigh method presumes an un- 
damped (conservative) system. 
As a key to this solution, we require the deflection curve for 
the first mode of vibration.    The static deflection curve is often used 
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as a reasonable approximation to the actual dynamic deflection curve 
at the first mode.    The accuracy of the method therefore depends upon 
■whether or not the static deflection curve represents a valid assump- 
tion of the dynamic deflection curve.    If so, the actual value of the un- 
damped natural frequency is obtained.    If not,  the calculated value -will 
always be higher than the actual value. 
Raleigh's method -will now be derived for lumped mass systems 
and for distributed mass systems. 
Consider the lateral vibration of a multi-mass system,   such as 
a beam or shaft of negligible mass carrying several lumped masses 
Wn along its length.    Let yj,  y~>   • • • 7n correspond to the static de- 
flections of the "n" masses.    The total kinetic energy of this system 
maybe expressed by observing that: 
t     MAX ' '     HAX 
at a principal mode.    Therefore: 
2.     r 
[K.E.]     =    £i—7 K -y2 * K ^ •* • • •' + w *£ H*)C ZJ-  [ ' *■       *■ **   **■ 
■where  co - natural frequency. 
Examining now the potential energy, we observe that the total 
potential energy is the beam strain energy,  and is given by: 
lpe-h* '-    *["'*> + w- K+ ■■• ■*■ KYm] 
Equating        fi/ pi      » [_&■£ 7 we °^^a"a ^e equation below for the 
MA* H** 
fundamental natural frequency CO of a multi-mass system.   Since our 
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focus is on rotational shaft systems, we can say that CO corresponds to 
the critical speed during •whirl. We must be aware, though, that gyro- 
scopic and similar effects are not included. 
■La       <-,       '     '* •" 
We focus our attention now to rotational shaft systems which 
have distributed mass and elasticity. For simplicity, we assume a 
uniform shaft of length L which weighs w pounds per unit length. 
The potential energy is equal to the work which is done during 
bending of the beam and is equal to: 
P.E.   -    -£   f M al* 
where M = bending moment 
0 = bending angle. 
From basic strength of materials we have: i 
(small deflections) 
Substituting into the expression for potential energy: 
We next examine the system kinetic energy.    The kinetic energy 
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of an infinitesimal beam element of length dx and mass dm is: 
• 
z 
■where dm = ZLT   otk. 
With reference to the previous discussion we may write: 
HAk J    r z    J    ' 
=       6t3     \       <ur    U     cCic 
Again equating (P. E. ) and (K.E. ) we obtain: 6
 ^ 6 v    .    . /max \ 'max 
* -    ( " /&] ^ CO - 
* 
/ 
-ur-   4.     d~y 
0 
Note that for uniform beams,  the two integrals can be evaluated quite 
easily.    For nonuniform beams,  which are often encountered in prac- 
tice,  graphical and/or numerical methods are usually employed to 
evaluate the integrals and also the static deflection curve,  y(x). 
A better approximation to the static deflection curve in the case 
of overhung disks is shown in Figure 15.    By reversing the position of 
W2,  it has been found that a more realistic value of natural frequency 
is obtained. 
A better approximation to the dynamic deflection curve can also 
r 
z. ' be made by using dynamic loads muy calculated from the values of 
y obtained from a static deflection analysis.    This is Stodola's method, 
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outlined below. 
Ritz Method 
The Ritz method is an extension of Raleigh's method which,  in 
general,   improves the accuracy of the first natural frequency.    In this 
method,  mode shapes consisting of several orthogonal functions satis- 
fying the boundary conditions are assumed.    The method also will yieLa 
some higher mode natural frequencies,  depending on the number and 
type of assumed functions. 
Stodola's Method (10.) 
This is an iterative calculation process whereby the accuracy 
of the assumed deflection curve used in Raleigh's method is improved. 
A brief outline of the method follows. 
(a).    Assume reasonable deflection curve. 
(b).    Multiply (a) by mass and square of (unknown) frequency 
CO   : ^*t (k\ to     .    Curve now becomes an assumed 
inertial loading. 
2 (c).    Let    CO   = 1. 
(d).    Construct second deflection curve by methods of graphical 
statics. 
(e). Method will converge on a better estimate of first mode 
natural frequency if deflection curve (d) is now used as 
the original estimate. 
Matrix Iteration Method (2) 
The equations of motion for the free vibration of an undamped 
system, when at a principal mode,  can be written using "influence 
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coefficients" in the following matrix form (2): 
f*|   =    e/Wf^kj     -     of [+] fa] {*.} ^     iJ-fj**]   fjc)     . 
We observe that we can apply at this point an iterative solution tech- 
nique.    The iteration equation is: 
***.+! " •*'*-*. 
and it will converge to a solution when 
W       -   <*-M 
where "d" is a constant.    Note also that      ["*•] *   l^J 
For the first cycle,  values of |xj  must,  as always, be assumai. 
Next, we compute matrix {x\    from 
2. 
Similarly, we compute,  in turn,  f x j   ,   |x|  ,  and so on until we reach 
3 A 
a point where / x7     is proportional to fxj    .    We can then compute 
the lowest natural frequency of the system from the given matrix 
equation. 
To obtain higher modes and natural frequencies, we make use 
of the orthogonality principle to obtain a new set of matrix equations. 
The matrix iteration method is again applied. 
Holzer Method (10) 
This method is a tabular solution technique which may be a.pf3isj 
to spring-mass and disk-shaft systems possessing several degrees of 
freedom.    It is also often used to calculate the torsional natural fre- 
quencies of a disk-shaft system.    It is essentially a "trial-and-error" 
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method, but it does have the distinct advantage of being able to compurfe. 
all of the natural frequencies of a system. 
We refer now to Figure 16.    For the section of the system of 
length^ we can write (from strength of materials:) 
S       =■      5    -i~    stx.   ***   V 
M        =      H   +      5     U 
2 
^X 2 £2: 
As is similar to the Holzer method for torsional systems,  the 
value of OJ must be altered until all the boundary conditions are satis- 
fied.    This is typically shown in Figure 17 where "residual moment" 
M is plotted as a function of oO .    Values of co for which the "residual." 
quantity is zero are then equal to the system natural frequencies. 
This method is most prohibitive for hand calculation.    It is, 
however,  very well suited for digital computer iteration.    In effect,i*"e 
would iterate until the residual quantity was not zero (exactly) but 
rather some very small,  preselected constant. 
Dunkerley Method 
This is another approximate method which is almost as well 
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known as the Raleigh method. It will approximate the fundamental 
natural frequency of systems provided that the second natural fre- 
quencies are much larger than the first. 
The analytical derivation is not difficult,  but it is not presented 
here.    The interested reader may refer to Reference (2) for such a 
derivation.    Dunkerley's equation,  then,  takes the final,  useful form: 
/ 
*U + r-   -h .. 
Oif- CO2 Co* CO* <*Z 
where    CO   = fundamental natural frequency 
^ii "" <*Ltt  = natura^ frequencies of system considering 
only separate system components. 
To make the above equation seem more meaningful,  consider 
the disk-shaft system of Figure 18.    Four disks are mounted on a flex- 
ible shaft, which we cannot assume is weightless.    It is possible to 
apply Raleigh's method, but we will take advantage of the Dunkerley 
method for the solution of the approximate first natural frequency in 
bending.    Such a system could be a representative schematic of a 
multi-stage centrifugal air compressor shaft. 
The key toward a simple solution to this problem lies in our 
ability to calculate Ui  , cj   , CJ   ,   O    and  CA     , where these quanti- 
#     a     JJ     ^ £s 
ties represent the natural frequency of the shaft only considering in 
turn weights W.,  W_, W_, W.,  and w L.    With a good vibration analy- 
sis reference,  these formulas can easily be found.    Then,  Dunkerley's 
3?     ./ 
equation can be applied to approximate  u».  . 
One potential difficulty with Dunkerley's equation is that to be 
reasonably certain of the accuracy of   CO ,  we must know,  or guess, 
beforehand that the values of co    ,    o*    ,   and so on,   are much larger 
than  co. .    Thus,   another method may have to be employed in order to 
determine the relative magnitude of   to    . 
It can be shown that by neglecting the terms    ——>   , 
co±    • o* 
the value of   to  will always be less than the actual fundamental natural 
frequency.    It is altogether reasonable,  then,  that a combination of 
Raleigh's and Dunkerley's method can be used to estimate upper and 
lower bounds on the true frequency. 
Prohl or Myklestad Method 
This is a numerical/tabular method and thus it is similar to 
the-method of Holzer,  although it is more tedious. 
The system used for analysis incorporates concentrated masses 
connected by massless beam segments.    The beam segments,  however, 
possess the elastic properties of real beams.    The tabulations of bend- 
ing moment,  shear force,  slope,  and deflection are much more invoLvea 
than in the Holzer method,  and digital computer solution techniques are 
implied.    A brief account of the analysis,  adapted from Reference (2), 
will now be given. 
Refer to Figure 19, where a segment of beam stations n and 
n + 1 is shown.    We suppose that the beam system is vibrating at a 
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principal mode.    The massless beam segment shown has length./. 
Figure 19 does not show vertical deflections y    and yn+i»  measured 
positive upward from the equilibrium position.    A force and moment 
balance (free-body diagram) yields: 
Now let Up       =    vertical deflection at station n+1,  measured from 
tangent at station n due to a unit force at station n. 
u, ,      =    amount of vertical deflection at station n+1 caused Mn by a unit moment at station n. 
vF       =    slope at station n+1,  measured from tangent at 
station n due to a unit force at station n. 
vMn    =    sl°Pe at station n+1,  measured from tangent at 
station n due to a unit moment at station n. 
Thus we have the following geometrical relationships: 
From beam theory, we can show that: 
X. /(e*\ ir     -ST      „   
-4.' / «/«**. 
for a uniform beam segment only. If all of the beam segments in the 
system are uniform, the previous two equations (for «£ and LL. ) 
take the following form.: 
z texj (ex) 
*t *H 
35 
<i-     =    ^   _ U 1  * C-l3 M I* 
To begin the solution technique using this method,  we first 
assume a value for natural frequency,   Co    .    We choose station 1 to be 
an unsupported or simply-supported end.    Let slope oL    at station 1 be 
the unknown quantity and let shear force Sj = 1 (simply-supported. ) 
Similarly,  for free end,   let y^ = 1 be the reference value.    Note that 
Si  =   sbl. U)  (l) .    We proceed to calculate values of S   ,,,  M   ,,, •/        . 1 / r n+1        n+1     *tj( ' 
and YJ.J-1 for the other stations in the beam system using the previously 
derived equations.    Let "N" denote the last station in this system.    Re- 
membering that slope cC    is unknown, we obtain equations of the form: 
SN    =   A^ +    B 
MN  =    C J.t +    D 
oLN =    E J-, +    F 
yN    =    G«L +    H . 
We can now compute slope oL    from the boundary conditions at station 
"N".    For example,  if station N is rigidly supported,  as in a cantilever 
beam, we know that cL    =   y      =   0.   We calculate   eJL.    -   - F/E.   If the 
value of   CO (assumed) is correct,  then the value of y^. will equal zero 
when oL    -   - F/E.    If not, we must assume another value for co  and 
repeat the calculations.    At the natural frequency, we will also obtain 
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the corresponding deflection,   slope,   shear force,   and bending moment 
values along the beam system. 
The Myklestad or Prohl method has been successfully extended 
to cover the analysis of rotating elastic components such as steam or 
gas turbine blades,  and also of coupled flexure-tors ion vibration prob- 
lems as encountered in airplane wing design. 
The interested reader is referred to Prohl's paper,  Reference 
(5). 
Modified Holzer-Myklestad-Prohl Method 
This is an advanced method whereby models haying distributed 
mass and elastic properties are employed.    The basic technique for 
determination of natural frequencies,  as shown in Figure 17,  remains 
unchanged. 
Impedance Matching Method 
This method is shown typically in graph form,  such as Figure 
20   (4).    We see that the two rigid body critical speeds are proportional, 
to  yK» while as   K —*■ co    the rigid body critical speeds are indepen- 
dent of K.   By superimposing the actual bearing stiffness K versus 
speed parameters on the "Critical Speed Map" the actual critical speeds 
of the rotor-bearing system may be effectively estimated. 
Eigenvalue Method 
The equations of motion for any undamped,  free vibrating sys- 
tem, can be written in the matrix form: 
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[mj    JS?        +   fk]fx£ =   0 
where TinJ is the inertia matrix 
C "k J is the stiffness matrix 
5* x ?   is the displacement matrix. 
The eigenvalues of a matrix are the roots of a special deter- 
minant equation. For a square matrix ["AJ, the eigenvalues are the 
roots of the equation 
fAj        -      Xfl]       =   0     . 
If  [AJ is a 3x3 matrix,  the eigenvalues are the roots of the expanded 
dete rminant: 
An-X 
A21 
A31 
12 
22 
L32 
13 
JL      A23 
A 33 JL 
=   0 
The resulting equation is polynomial in   X   and is called the character- 
istic equation.    The roots of this characteristic equation are the charac- 
teristic numbers or eigenvalues of matrix [ AJ .    When applied to a 
vibrating system,  the "n" eigenvalues of the dynamic matrix are equal 
to the squares of the "n" natural frequencies.    The corresponding mode 
shapes are called eigenvectors.    In general,  for an "n" degree-of-free- 
dom system,  there will be "n" eigenvalues and "n" eigenvectors.    The 
dynamic matrix fHj  is equal to: 
Jfk] - ^H] 
*# 
£lj    is the unit matrix. 
For undamped systems 
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The eigenvalue method is an exact method,  which,   although 
useful for calculating natural frequencies of simple systems,   is not 
very applicable toward the solution of a rotor-bearing system 
problem because the resulting frequency equation is in general 
too complex. 
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1-    HYDRODYNAMIC BEARINGS AND 
THEIR INFLUENCE ON CRITICAL SPEEDS 
Introduction 
Until this point,  we have briefly examined the effect of bearing 
flexibility on critical speeds by considering bearings with isotropic 
stiffness K or orthotropic stiffnesses kj and k_.    We found that the 
effect of the bearing flexibility was to lower the critical speed and, in 
some cases,   to create two critical speeds where there was previously 
only one. 
Unfortunately,   there are few actual rotor-bearing systems 
where the bearings can be so simply represented.    In typical systems, 
the shaft journal is supported by a thin liquid film,   such as oil,   and the 
film itself possesses nonlinear elastic and damping properties. 
A fundamental concern of this chapter is to examine in some 
detail how the elastic and damping coefficients for various hydrodynafn/c 
bearings are formulated in terms of journal motions.    As will be seen; 
this is an easy task.    However,   the determination of these coefficients 
in terms of bearing system parameters is quite formidable and will be 
postponed to another chapter.    We will see that instead of two coef- 
ficients for stiffness and two for damping, we will require a total of 
eight coefficients to represent an approximate dynamic model of the 
journal bearing.    The four additional coefficients will be known as 
"cross-coupling" terms. 
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Journal Bearing Types and Geometries 
Many different kinds of journal bearings are in existence today. 
Each design generally results from special application requirements, 
and so we should not be surprised to find that operating characteris-f/cs 
such as load capacity,   stability,  and stiffness and damping properties 
vary widely for equal-size bearings. 
Figure 21 (a) through (g) depicts some of the more commonly 
used journal bearings,   including a brief description.    Note that the 
journals are not shown. 
Figure 22 (a) through (c) shows more detailed geometries of 
plain cylindrical,   partial,   and tilting-pad bearings,   respectively,   as 
these three types have wide applicability.    The geometries are shown 
with the journal and bearing centers coincident.    This is generally not 
the-case when the bearing is supporting a rotating horizontal shaft. 
We will examine in greater detail the steady-state operating position 
of the journal for a plain cylindrical bearing. 
Journal Bearing Selection 
It is virtually impossible to describe all the design aspects of 
journal bearings in one paper.    We can, however,  say that the following 
parameters are most likely to affect the choice of a particular bearing 
type: 
(a) lubricant parameters 
(b) rotor speed 
(c) bearing load 
(d) friction power loss 
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(e) operating temperature 
(f) dynamic load 
(g) bearing stiffness and damping 
(h) rotor-bearing stability 
In this and the next chapter,  we will be mostly concerned with items 
(g) and (h). 
Dimensionless Parameters for Liquid-Lubricated Bearings 
In future discussions of stiffness and damping characteristics 
of various bearing types,  we will encounter terms such as Sommerfeld 
Number and eccentricity ratio.    These terms,   plus two others,  will 
now be defined for liquid,  incompressible lubricants. 
Length-to-Diameter Ratio L / O : 
Sommerfeld Number (or Duty Parameter)       5   = ^^ MOLjR 
W      \C 
Eccentricity Ratio £.     =      -£• /   C 
Reynolds Number /^e       - 77*   ^     A/ O C 
where       L   = bearing length,   in 
D   = journal diameter,   in 
R    = D/2 = journal radius,  in 
C   = radial clearance,   in 
e    = journal eccentricity,  in 
N   = rotor speed,   rev/sec 
W  = total bearing load,  lbs 
-^   = lubricant viscosity,   lb-sec/in 
^   = lubricant mass density,  lb-sec^/in** 
2. 
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The radial clearance is always defined to be the difference 
between the radius of curvature of the bearing surface and the journal 
radius.    The journal eccentricity is simply the distance (measured 
radially) between the bearing center and the journal center.    Refer to 
Figure 23 for identification of the parameters for a plain cylindrical 
bearing. 
The Sommerfeld Number will determine the eccentricity ratio 
and the nondimensional operating conditions,  in accordance with the 
conventional theory of hydrodynamic lubrication for laminar flow. 
The Reynolds Number is used to differentiate between laminar 
and nonlaminar flow regimes for journal bearings. 
Principles of Steady Operation for Journal Bearings 
While supporting a vertical load,  the journal of Figure 22 (a) 
will not assume the position shown.   In fact,  the configuration during 
steady operation will be similar to that of Figure 23 (b).    The position 
of the journal is thus eccentric to that of the bearing.    We say that the 
system is operating with hydrodynamic lubrication if there is no direct 
contact between the bearing and the rotating journal.    The journal,  in 
essence,  moves to cause a converging film of lubricant in the direction 
of rotation.    From lubrication theory,  we know that the journal load is 
supported by the'hydrodynamically-generated pressure in the filmby-i/e 
steady rotation of the journal.    The pressure distribution may be calcu- 
lated,  depending upon the assumptions made in the analysis.   Forjanwnar 
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flow,   the conventional assumptions are (16): 
(a) Film thickness everywhere small compared with journal 
dimensions 
(b) Journal cylindrical and of specified diameter;   bearing 
surface to simple geometrical specification without local 
distortion 
(c) Journal axis parallel to bearing axis 
(d) Inertia of oil in film negligible 
(e) Oil film unable to sustain sub-atmospheric pressure 
(f) Oil pressure atmospheric along the supply and drain 
boundaries of the pressure-bearing film,   and also through- 
out the film-clearance region outside the pressure-bearing 
film where the oil film is broken or cavitated 
(g) Laminar flow in the pressure-bearing film 
(h)    Viscous shearing loss in the clearance region outside the 
pressure-bearing film,  this space being taken as partly 
filled wi£h oil 
(i)     No contribution to loss from oil in grooves or drain spaces 
adjoining journal 
(j)     Oil a simple Newtonian liquid with viscosity independent of 
shear rate 
(k)    Viscosity and density of oil constant throughout the bearing 
Many of the above assumptions are approximately fulfilled in practice. 
The theory is substantially in error,  though, when the fluid flow regttrtfi, 
is turbulent. 
By applying this theory to. a bearing (even of noncircular bore), 
the governing differential equation for pressure distribution is (16): 
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* 
where      h    =    film thickness 
s    =    tangential dimension 
z    =    axial dimension 
p    =    film pressure (relative to atmospheric) 
U   =        -7T-DN 
D = journal diameter 
N = speed of rotation,  rev/unit time 
Analytical integration of this differential equation has been made,  for 
circular bearings,  only for the limiting cases of very wide and very 
narrow bearings.    For the practical case of a bearing of finite width, 
numerical integration techniques must be employed. 
Two other parameters with which we must become familiar are 
the attitude line and attitude angle for journal bearings.    The attitude 
line is simply the straight line passing through both journal and bearing 
centers, while the attitude angle is the angular measure between the 
load line and the attitude line.    These terms are pictorially shown in 
Figure 24. 
We now consider the effect of increased journal loading on the 
journal centerline position (with respect to the bearing. )   "We know from 
calculation and experiment that the journal center will move in a locus 
as typically shown in Figure 25.    It is also clear from this diagram that 
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the eccentricity ratio varies from zero to one. 
It is further shown (14) that the Sommerfeld Number as derived 
from Reynolds equation is dependent only on the eccentricity ratio,   g. 
Therefore,   charts similar to Figure 26 are commonly used to find the 
eccentricity ratio, knowing beforehand the Sommerfeld Number. 
The minimum film thickness h    .   'may be easily computed from 
min 
the equation: 
h .   = c(i -  e )   . 
min 
The thickness h at any angular location may be well-approximated from 
the equation: 
h   =   C   +   e cos & 
where   &   is the angle measured from the attitude line. 
General Concept of Journal Bearing Spring and Damping Co efficients (4/ 
By examining Figure 25 closely, we see that it would be incor- 
rect to apply a stiffness coefficient K such that W    =   K x,   since,   dun'ng1 
a vertical load increment*    AW,   the journal center does not move to- 
tally in the x- direction.    Indeed,   a y- displacement occurs as well. la 
this section we will analyze such behavior and formulate our results in 
general terms. 
Using the coordinate system shown in Figure 25, the vertical 
displacement is     e cos £   while the horizontal displacement is    e sin <£ 
Substituting     e   =   C£       we have: 
x   =   C   £     cos  4 
y   ~   C  £      sin  $ 
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We define "static stiffness" as: 
d   W di    W at   W 
dl Y- di   (ce&hf)    =       C  ci(£c°£>$) 
The load curve is nonlinear -with respect to the journal dis- 
placement.    Likewise,  the static stiffness is nonlinear with respect to 
the eccentricity ratio as shown in Figure 27.    We should observe at 
this point that the total stiffness characteristics cannot be described by- 
one parameter,      £( W IoLy.  •    Refering to the sketch of journal center 
location for increasing W,   Figure 25, -we see that there is,  in general, 
et y- displacement in addition to an x- displacement when the journal 
load W is varied a slight amount.    We will now analyze this problem 
by resolving the static stiffness into two parts. 
Let us assume that the journal is rotating at steady speed under 
a static load W.    Let the coordinates of the journal center be x and y 
(with respect to the bearing center. )   We now increase the load such 
that: . 
W   =     W -f   A W 
to~h-t.re.: £ VV   *= A Vv,   -f-    A Wz 
AW   *     A>£       A%       ^ AW?        Ay 
A
 *■ A f ^ 
In the limit,  the quantities become differentials: 
AX- a*. Ay   ^      ^    • 
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Substituting: AW   = ^W*     A)t       i        «^ *V       A-tV 
c^ AW 3W 5K/      <*V 
-     ■    i ■ *X* —— ■ ■— _ '     " / —— •"   W     ' 
^/L      ~ A Jc       ~ 2>JL 3 £f       ^ 
We now define: 
/< •=        *W OMel /<       r      b^ 
which are called spring coefficients.    These two coefficients, however, 
are not sufficient to model the dynamic stiffness characteristics of a 
journal bearing supported by a thin film of lubricant.    We will now ob- 
tain expressions for the eight bearing dynamic coefficients, which will 
be suitable for further analysis. 
Let Wx be the integrated pressures in the fluid film which bal- 
ance the static bearing load W.    Then: 
Now if the journal center is outside the curve shown in Figure 25,  the 
fluid film pressures generate a horizontal (y-) component Wy which 
ultimately forces the journal back to the steady-state operating position. 
Taking into account these force components we write: 
./AW.)  L   .     »     - AW~      -    £!5     Aic A^z.     AU 
k     Ale,        -4- a^fe,       L a 
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Likewise: 
Note that the negative signs are due to the convention of letting W    and 
W    be positive in the same direction as x and y,   respectively.    Finally, 
using standard notation, -we write: 
^
AVV
*W  "    -"we**"-   V ^ 
where ^jtX=       ~awjt/ijt 
These coefficients are known as the bearing spring coefficients.    Ob- 
serve from the previous equations that a displacement in the y-direction 
yields not only a force in the y-direction (as we would expect) but will 
also produce a force in the x-direction. 
An analogy can be drawn between spring and damping coefficients 
with the end result that the four damping coefficients are C^ ,  Cx    , 
Cyx ,  and Cyv .    These coefficients presume viscous damping.    Now 
under dynamic conditions,   such as unbalance whirl,  the journal center 
does not remain fixed, but has velocity components x and y.    It is these 
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velocity components which  produce viscous-opposing forces.    This 
effect is commonly called the "squeeze film effect. " 
To summarize,  the total changes in fluid film force components 
due to motion of the journal center are given by: 
The "direct-coupling" terms have the same indices: i. e.  K      ,  K      , re. xx yy 
CJJX ,  Cyy .   The "cross-coupling" terms do not have the same indices: 
i.e.  Kjjy ,  K.^ ,   Cxy ,   Cyx .    In general,  the cross-coupling terms 
cannot be eliminated by simply rotating the Jx,  y]   coordinate system. 
We briefly note that a cross-coupling term,  such as K      ,  is not 
a "pure" stiffness.    The cross-coupling terms can be shown (4) to 
possess the properties of damping coefficients by examining the energy 
dissipated during one orbit of revolution of the journal center. 
From the previous discussion,  we may now consider the effects 
of motion of the journal center.    Consider the shaft-bearing cross~r.secfjon 
shown'in Figure 28.    We let F    be the net hydrodynamic force on the 
journal at a steady-state condition (no journal centerline motion. ) 
Assume now that due to some external force (mass unbalance,  for ex- 
ample, ) the load on the journal changes.    The ensuing motion causes a 
force F on the journal, which may be expressed in matrix form3S:fo^jClWs■;" 
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F
*J 
1   f> ) 
I'V. 
+ 
-4- 
I 
+ 
Thus, we have effectively "linearized" the bearing force components. 
These equations,  although simple,  represent the basis for the technique 
of system response analysis which will be discussed in a subsequent 
chapter.    At the present time, we do not take into account inertia terms 
containing x and y. 
We have reached the point in the analysis where the "linearized" 
bearing coefficient Kj^ must be expressed in terms of - <^)*V_-   and so 
ok 
on.    Only in the latter form will the coefficients be useful for further 
unbalance response analysis.    The analytical and experimental deter- 
mination of the "linearized" coefficients in terms of bearing parameters 
is the subject of the next chapter. 
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6_.    DETERMINATION OF DYNAMIC BEARING 
COEFFICIENTS FROM LUBRICATION 
THEORY AND EXPERIMENT 
Introduction 
In this chapter, we examine some of the techniques, both 
analytical and experimental,  used to predict the numerical values of-fhs. 
so-called "linearized" bearing dynamic coefficients.    In general,  the 
coefficients are not constant, but we 'will assume them to be constant 
for small displacements of the journal center about steady operating 
positions within the bearing. 
The prediction of the coefficients for bearings of finite width 
necessitates the use of the digital computer.    We will therefore refer 
to published data in the literature.    The analytical values as obtained 
are,  in general,   small perturbations of Reynolds equations.   Ircferesfed 
readers may refer to standard texts for derivations of the Reynolds 
equations presented in this chapter. 
Analytical Determination 
Fundamental to the understanding of the techniques to follow is 
the simple statement that to each point on the journal center locus 
(Figure 25) corresponds different values of the eight dynamic coef- 
ficients.    If the dynamic journal displacements do not exceed about 10- 
15% of the operating film thickness,  then we may assume that the coef- 
ficients are linear.    It is important to keep in mind that we do require 
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quite accurate values of the coefficients in order to be able to predict 
the rotor-bearing system critical speeds more accurately.    We now 
r 
examine in some detail the work done by Smith (16),   Sternlicht (17), 
and Orcutt and Arwas (20) toward deriving the eight dynamic coefficient 
Smith (16) presents a modified Reynolds equation where the 
journal centerline is moving as: 
CA*9     *r).       *   ( t**'*'")m „'-*£***>+af-**- 
where       s     =    tangential dimension 
* 
h    =    film thickness . 
p    =    film pressure (relative to atmospheric) 
z    =    axial dimension 
U1 =    journal velocity at periphery,   taking into account 
the motion of the journal axis 
t     =    time 
It is permissible in this calculation to replace U' by U, where U = "7TDA£ 
where D and N have been previously defined. 
For full circular bearings with laminar flow,  the solution re- 
quired is a function of the L./D ratio and £   ,  the eccentricity ratio^TJie 
value of L/D is easily determined from the bearing geometry, and the 
eccentricity ratio may be easily found from tables,  such as Figure 26. 
The details of the calculations are rather complex,  and graphs 
53 
of the calculated dimensionless coefficients versus both eccentricity- 
ratio and L/D ratio are given in Reference (16).    Smith (16) goes on to 
calculate theoretical journal motion -while under the influence of a con- 
stant (out-of-balance) rotating force superimposed upon a steady journal, 
force.    The resulting "journal attitude diagram" is shown typically in 
Figure 29. 
Sternlicht (17) also calculates the eight "linearized" bearing 
coefficients as a function of L/D ratio and eccentricity ratio for lamfrtar 
flow from the finite-difference solution of the two-dimensional Reynolds 
equation including "squeeze film" considerations.    The Reynolds equa- 
tion is used in the following form: 
*    *
F
'
]
   ~i,vU»*'   _ /Z.v' 
where      x1 ,  z1 = rectangular coordinates 
h' = film thickness 
*>£*■ = viscosity 
p' = film pressure 
U' = relative velocity between journal and bearing 
V = "squeeze film" velocity 
The above equation is then put into nondimensional form and a finite- 
difference technique is used to solve for the film thickness and presswe 
distribution.    Expressions for the stiffness and damping coefficients ac& 
o 
given in the paper (17). 
Finally,  Orcutt and Arwas (20) modify the Reynolds equation for 
turbulent flow of an incompressible journal bearing.    Using their 
54 
terminology,  the equation is: 
/ 
Z r,^   I       y^ * 
*
3
       *p" '   ' '* 
e>e  I    > S© K-fete-* £)- 
where      R    =       radius of journal 
®   =       angular coordinate,  measured from attitude Line 
h    =       film thickness 
yU    =       absolute viscosity 
p    =       pressure of film 
z    =       axial coordinate 
G   ,G   =       functions of local Reynolds Number,  Vh/0 
V =   If DN = surface velocity of journal 
N = angular speed of journal 
v  - kinematic viscosity 
It is important to realize that under laminar flow conditions ,..tfie 
functions G and G    approach 1/12,  so that the familiar form of © z 
Reynolds equation.will be recognized.    In the normalized form,  the 
eight dynamic bearing coefficients are functions of bearing geometry, 
location of journal center,  and mean Reynolds number. 
In essence,  the coefficients are calculated from integration of 
Reynolds equation for small displacements about the steady-state jour- 
nal position and for small velocities of the journal center. 
The bearing stiffnesses and damping coefficients were computed 
over the range of eccentricity ratios to 0.95 and for laminar flow and 
for turbulent flow to Re   =   13300.    According to Orcutt and Arwas, when 
the normalized bearing coefficients were plotted against eccentricity 
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ratio,   the calculated values for laminar and turbulent flow were found 
to be nearly equal and thus could be represented by single curves. 
Those curves for a full circular journal bearing are reproduced in 
Figures 30 (a) and (b). 
Experimental Determination 
For the most part,  an out-of-balance test on a rotor-bearing 
system will permit the determination of only four unknowns.    We will 
examine in some detail the nondimensional "apparent" stiffness and 
damping coefficients obtained experimentally by Hagg and Sankey   (18), 
and by Orcutt and Arwas    (20).    We will also briefly examine the form 
of the "linearized" bearing force equations when the inertia of the lubri- 
cant is included. 
Quite often,  the results of experimentally-determined bearing 
spring and damping coefficients are expressed in a nondimensional 
form: 
P   -    k   M.   +    a   (4) 
p    •=   K   ^ +    e (±) 
where      u, v =   nondimensional displacements measured 
along principal axis of elliptical journal 
orbit 
K  ,  K =   apparent stiffness coefficients 
Bu,   B =   apparent damping coefficients 
P  ,  P =   nondimensional forces 
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According to Smith   (16),  these apparent coefficients are not entirely 
functions of the bearing characteristics, but are influenced by disturb- 
ing forces (as the rotor moves in an elliptical orbit) -which are not pure 
"out-of-balance" forces. 
In addition,  the expressions for the apparent coefficients ob- 
tained by test in terms of the eight "linearized" coefficients are com- 
plicated.    The relationships are even more complex if there is flexi- 
bility in the rotor or the bearing supports or both.    In order to attempt 
to obtain the eight coefficients by experimental techniques,   out-of-bal- 
ance tests must be supplemented or replaced by tests of periodically 
disturbing forces of a type or frequency different from the. synchronous 
type.    Smith   (16) indicates that unless the observations are of very 
high accuracy,  the results maybe seriously in error.    Small nonlineari- 
ties inherent in the rotor-bearing system are liable to have a serious 
impact on the results. 
Hagg and Sankey   (18) obtained a set of graphs of experimentaLLy- 
determined spring and damping coefficients for various bearing types. 
The coefficients were obtained lay resolving the dynamic oil-film load 
into displacement-force and velocity-force components.    All plots con- 
tained in the paper are representative of the one shown schematically 
in Figure 31.    The following nomenclature is used: 
K1 =   minimum film elasticity 
K2 =   maximum film elasticity 
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B, co -   minimum film damping 
B? co ~   maximum film damping 
r^r-.)^        -   dimensionless film elasticity 
(•—-] Q co     =   dimensionless film damping 
Note that no account is apparently made of "cross-coupling" terms. 
In the Orcutt-Arwas paper   (20),   some experimental investi- 
gations were made.    Generally,  the measured-whirl orbits were plotted 
together -with the calculated whirl orbits,  and the agreement or corre- 
lation of data was good.    Thus,  the theoretical dynamic coefficients are 
of benefit when applied to the problem of predicting rotor-bearing sys- 
tem performance. 
Effect of Inertia of Lubricant on Dynamic Bearing Loads 
When the assumption that the dynamic characteristics are linear 
for journal vibrations of small amplitude,  the dynamic bearing loads 
are modified as follows: 
>. 
^ K** H^ 
■4- ■*.* 
V* 
V- 
£* <fc^. 
/pt        Vyy. 
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Ill effect,   accelerations imposed on a journal cause the oil 
in the film to be accelerated circumferentially and axially in making 
■way for the journal.    The oil acceleration then affects the (normal) 
pressure gradients in the film caused by journal displacement and 
velocity only. 
Numerical values for the "D" coefficients in dimensionless 
form are given in Reference (16) for both wide and narrow bearings. 
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7.    ROTOR-BEARING SYSTEM RESPONSE ANALYSIS 
Introduction 
The seemingly laborious efforts of the last two chapters -will 
now be quite useful toward the prediction of system critical speeds by 
response analysis.    In actuality j the procedures presented in this chap- 
ter incorporate nearly all current advances in this field.    By using the 
computer for the response prediction, we can quite readily incorporate 
dynamic "linearized" bearing coefficients as derived:.in Chapters 5 and 
6. 
We" "will give a brief account of the response analysis technique 
and conclude -with an abbreviated description of the Lund-Orcutt pro- 
gram   (21). 
Rotor Response Analysis 
The concept of a response analysis develops quite naturally{com 
the classical critical speed prediction methods. Since many of these 
methods do not include system damping, theoretically infinite ampli- 
tudes are predicted at the so-called critical speeds. We know, how- 
ever, that damping in the bearings will reduce the vibration or whirl 
amplitudes to finite values. At the critical speed, then, the whirl am- 
plitudes become largest. 
In general, then,  a rotor response analysis program is con- 
cerned with the prediction of synchronous amplitudes of the rotor- 
bearing system while under the influence of unbalance mass forces. 
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The dynamic bearing force can be computed,  using our "linearized" 
approximate coefficients,  for any operating speed,  and a plot of bear- 
ing force versus rotor speed will yield those speeds of the rotor at 
which the response is the greatest;   hence,  those speeds should be 
avoided in practice. 
Figure 32 shows a representative plot of bearing force versus 
operating speed for a rotor-bearing system.    The normal operating 
speed,  if fixed,  should be ideally chosen at the position shown.- 
If the bearing pedestals have sufficient flexibility and damping, 
these effects can quite readily be incorporated into the analysis.    A 
schematic of such a system,   including hydrodynamic journal bearings, 
is shown in Figure 33.    Quite often,  the distribution of the residual 
unbalance is not known.    In this case,   several lumped unbalance masses 
are'considered "attached" at various points along the length of the rotor. 
For typical systems,  a satisfactory response curve will be obtained. 
In this way,  the "best" positions for balancing planes may be estimated. 
Methods of Solution 
The Modified Holzer-Myklestad-Prohl method as described in 
Chapter 4 is in general use,  in one form or another,  to calculate the 
unbalance mass response of multi-station modeled rotor-bearing sys- 
tems.    The response is directly determined by digital computer for eacli 
operating speed desired.    Quite a large block of computer time is gen- 
erally required for practical systems since the response must be 
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determined over a wide range of speeds to determine the critical 
speeds. 
The paper by Lund and Orcutt   (21) gives an excellent summary 
of the calculation method and experimental verification.    We -will only 
treat their analysis from a conceptual viewpoint in this section. 
The rotor is represented (modeled) as a series of stations con- 
nected by shaft sections of uniform cross-sectional area.    Each station 
can be assigned a (concentrated) mass,  a transverse mass moment of 
inertia,  a polar mass moment of inertia,  an unbalance,  and a set of 
eight spring and damping coefficients.    The mass of the shaft itself is 
treated separately and is not included inthe mass of the rotor stations. 
To each shaft section can be assigned a length,  an area,  a cross- 
sectional moment of inertia,  and a shape factor for shear deformation. 
In addition, E,  G,  and P    are known for the shaft. 
The relationships for amplitude,  slope, bending moment,  and 
shear force between the two ends of each shaft section can be found. 
These relationships appear in Appendix B of Reference (21) and are not 
reproduced here. 
In addition,  a force and moment balance on the rotor stations 
will yield the "jump" in bending moment and shear force across the 
rotor station.    These quantities can be expressed in terms of the rotor 
slope and amplitude at the particular station considered.    These rela- 
tionships are given in Appendix A of Reference (21) and are not 
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reproduced here. 
The equations for both rotor stations and shaft sections form a 
set of "rejpurranee" formulas. This yields a step-by-step calculation 
technique for the rotor-bearing system. 
The interested reader is urged to read the Lund-Orcutt paper 
(21) for a comprehensive understanding of the state-of-the-art of syn- 
chronous unbalance response of flexible rotor-bearing systems ■with 
cross-coupled bearing coefficients. 
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8.    OTHER TOPICS IN 
ROTOR- BEARING SYSTEM DYNAMICS 
Introduction 
In this chapter, we will examine self-excited rotor whirls, the 
phenomenon of half-speed whirl,  a brief overview of. the flexible shaft 
balancing problem,  and a few other pertinent topics.    Each,  obviously, 
could be examined in much greater detail.    They are presented in this 
chapter in summary so that we may obtain a balanced view of rotor- 
bearing system dynamic    analysis. 
Torsional and Axial Critical Speeds (4) 
So far,  our use of the term critical speed with reference to 
rotor-bearing systems has applied only to lateral vibrations or "whirls' 
of the rotor.    We will now mention in proper context that some rotor- 
bearing systems are occasionally troubled by resonances in the tor- 
sional (twisting) modes or in the longitudinal (axial) modes,   or both. 
These particular systems are susceptible to cyclic torque and/or axial 
fluctuations.    These effects,   such as maybe encountered in a large 
electric generator or steam turbine shaft,  may in addition   alter the 
transverse bending critical speeds. 
In its most basic form,  then,  for torsional vibration: 
Co 
- VK /J 
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■where      K       = angular stiffness   (in-lb/rad) 
a 
2 J        =   mass moment of inertia   (in-lb-sec   )   . 
The Holzer table method is commonly employed to determine 
the critical torsional speeds.    Torsional damping is frequently very 
small,  so a potentially dangerous resonance   may result in a typical 
system. 
Axial rotor-bearing vibrations may also occur.    Here,  the rotop 
moves like a rigid body and the flexibility is provided by a bearing or 
pedestal.    This type of system may respond to a synchronous excitation;' 
at rotor speed due to nonuniform pressure distribution, for example, 
on a pump impeller. 
In its most basic form,  then,  for axial vibration: 
CO ^       y?£ /y^ft 
•where      k        = axial stiffness 
m      =;total mass of rotor 
^ The analyses of torsional and axial vibration in turbomachinery 
are extensive,  and are covered in much greater detail in other sources. 
To be complete, -we should note that,  on occasion,  a system 
may exhibit "coupling" of the bending/axial/torsional modes.    A good 
example of this is a long tapered-twisted blade for a rotating stage of 
a large steam turbine.    This phenomenon does complicate the analysis. 
However,  it is sufficient to note that there -will be a natural 
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* frequency    and a mode shape associated •with each "coupled" mode of 
vibration. 
Self-Excited Rotor Whirls 
Self-excited rotor whirl can cause severe problems in an op- 
erating rotor-bearing system because balancing the rotor will not alle- 
viate the whirl.    In general,  a self-excited whirl will be nonsynchro- 
nous and is an instability of the system. 
Even though the rotor-bearing system "whirls" due to mass un- 
balance,  this is not a self-excited -whirl.    We therefore should care- 
fully differentiate between these two types of "vibratory" behavior.    In 
a self-excited vibration or whirl, those forces which sustain the motion 
are created or controlled by the motion itself.    When the motion stops, 
the alternating forces disappear.    In direct contrast, for unbalanced 
whirl of a rotor,  the force causing the motion (the unbalance) exists 
independently .of the motion and remains even when the motion ceases. 
We will now examine three classes of self-excited whirls in 
typical rotor-bearing systems. 
Oil Film Whirl (8) 
A typical self-excited whirl (or instability) in electric power- 
producting equipment such as steam turbine-generators is known as oil 
For coupled vibration,  the resonant frequency is actually a 
"hybrid" frequency,  since a particular combination of torsional, axial, 
and transverse frequencies are present at the same instant. 
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film •whirl or, more commonly,   "oil "whip. "   The cause of this insta- 
bility is to be found in the actual configuration of the journal bearings. 
Simply stated, when the journal is displaced from its equilibrium 
(steady-state running) position,  a force is generated perpendicular to 
the line connecting shaft and bearing centers,  in the direction of ro- 
tation.    In essence,  the journal is compelled to travel in a large orbit 
inside the bearing.    This type of instability often manifests itself in 
high-speed,  lightly-loaded bearings having large radial clearance. 
Among the many field solutions to "oil -whip" are: 
(a) Make the rotor more rigid. 
(b) Decrease the Sommerfeld Number. 
(c) Decrease the rotational speed. 
(d) Use another type of bearing,  such as a tilting-pad bearing. 
Item (b),   above,   can be accomplished by: 
(1) Increasing the mean bearing pressure 
(2) Decreasing the bearing radius 
(3) Decreasing the lubricant viscosity 
(4) Increasing the bearing clearance 
Internal Hysteresis Whirl of Shafts (10) 
Hysteresis refers to a material property "which is essentially a 
deviation from the familiar Hooke's Law.    A simple representation of 
the hysteresis phenomenon is shown in Figure 34.    Note that Hookers 
Law would be represented in the diagram by the straight line AB. 
It will be sufficient to say that if we consider a disk on a shaft 
whirling about a vertical axis,  a condition of self-excited whirl may 
exist if the whirl speed of the disk is less than the rotational speed of 
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the shaft.    Due to internal hysteresis,   there exists a small force com- 
ponent tending to drive the shaft around in its whirl path.    This effect 
can be aggrevated by a loosely-shrunk disk on a shaft. 
Dry Friction Whirl (14) 
A condition of unstable motion known as dry friction whirl may 
exist in a journal bearing which may be inadequately designed;   in which 
the load is excessive}   where the lubricant supply is inadequate;   or 
where the clearance is too large.    As shown in Figure 35,   should there 
be no lubricant,  the journal and bearing surfaces will come into direct 
contact"    The shaft will then whirl in a direction opposite that of its 
rotation. 
We can easily verify that the angular velocity of the dry friction 
whirl is: . « 
to       —        SL      co 
C 
where   r,   C,  and  CO   are defined in Figure 35 . 
The total centrifugal force associated with the whirl speed co   for a 
symmetrical shaft-bearing system with mass M is thus: 
F    = M C  CO 
c 
Often,  the magnitude of F    is large enough for high-speed journals with 
small clearance to cause immediate failure.    It is thus important to 
realize the necessity of the oil film in a hydrodynamically-lubricated 
bearing.    Under no circumstance can this type of whirl be tolerated. 
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"Secondary" Critical Speeds 
There has been observed for the single disk-shaft system a 
type of "secondary" critical speed at . W ^■^y^   .    This effect 
occurs only on horizontal shafts.    Two types of "secondary" critical 
I' ' 
speeds -which we will examine analytically are caused by: 
(a) gravity plus nonuniform bending stiffness 
(b) gravity plus unbalance. 
Before we examine these phenomena, we first examine the effect of 
gravity on a rotating disk. 
Consider the balanced disk shown in Figure 36, The shaft axis 
is horizontal. It is evident that in the rotating reference frame 2§/7j » 
the force of gravity appears to be sinusoidally varying with components: 
- mg sin-/2."T in 5~  direction 
- mg cosJX"t xn.'n-  direction 
This is analogous to the manner in which centrifugal force appears 
steady in the rotating reference frame but sinusoidally varying in the 
fixed frame of reference. 
Gravity Plus Nonuniform Bending Stiffness (10) 
A shaft of nonuniform bending flexibility is seen to be the cir- 
cular shaft of Figure 37 with a single axial keyway. 
We see that for each quarter revolution the shaft stiffness (in 
one direction,   say y) passes from a maximum to a minimum.    For 
uniform rotation &>    and average stiffness k we may write for the 
stiffness: 
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yk ■+•   A*& •   S''"  2.coir 
For a nonvib rating disk with downward deflection   £—r the two verticaJr 
forces are: 
Weight =       mg 
Spring Force       =      (~A +   A)£-   $'>> Zurh} & 
We know that the weight mg and the constant part of the spring force 
k S   are in equilibrium.    We then have the vertical disturbing force 
of amplitude: 
and of frequency 2 a?   .    Naturally,  a resonance could be anticipated 
when the natural frequency of the rotating shaft as measured in the 
rotating reference frame is equal to the rotational speed.    If the shaft 
is running at half its critical speed the above condition is satisfied and 
we would expect a resonance. 
Gravity Plus Unbalance (10) 
We consider now the unbalanced disk shown in Figure 38.    The 
center of mass is denoted by G and the eccentricity e is shown.    The 
weight of the disk, W,  exerts a torque of magnitude We siacot:    on the 
shaft.  -- 
Now let the moment of inertia of the disk about the shaft axis 
Z be m P      , where   P    is the radius of gyration.    The angular accelera- 
tion of the shaft is given by: 
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? 
os*?. 
or 
WJ 
s** P* 
S//7 «*»■£ 
Because of the angular acceleration,   "G" has a tangential component 
of acceleration of magnitude: 
We conclude that there is a tangential force acting on G of magnitude: 
and the vertical component of this force is given by: 
x   .    Z . 2 • z 
from the trigonometric relationship.    The vertical disturbing force, 
z, 
then, has amplitude   W-e.       and frequency 2 co    .    Again, this would 
lead to a resonance problem if the shaft were operating at half its 
"true" critical speed. 
The effects of the "secondary" resonances are generally not 
as severe as the primary unbalance whirl resonance. 
An Introduction to Rotor Balancing Techniques 
Rotor balancing may be divided into two main classes:   rigid 
and flexible.    This basic distinction is drawn between rotors which are 
essentially rigid bodies,  and rotors which are too flexible to be so con- 
sidered.    A dividing line between rigid and flexible classifications is 
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often the first critical speed;   this classification,  however,  may not 
always prove realistic.    In general,   rigid rotor balancing techniques 
are far less complicated,  since the rotor (theoretically) can heb&larced 
in two planes by two masses,  at all speeds.    In contrast, for flexible 
rotors,  the true position of the center of masf and the instantaneous 
cross products of inertia are,   in general,   different for each operating 
speed.    The flexible rotor,  thus,   simply cannot be perfectly balanced 
at all speeds.    We may ask the question:   "Why balance rotors?"   and 
the answer should be apparent.    Rotors are balanced so that there 
exists the least practical amount of unbalance effects (forces) on the 
support structure. 
How,  then,   do the prediction of critical speeds and unbalance 
response curves aid in balancing a rotor?    For rotors which are clas- 
sified as rigid,  these predictions,  although meaningful,  are somewhat 
useless,  unless the operating speed and the first critical speed are 
almost coincident.    However,   for flexible rotors,   a technique known as 
"modal balancing" has been very well refined,   and this technique re- 
quires that the mode shapes and frequencies be accurately known before- 
hand.    In essence, the rotor is balanced "mode-by-mode. " 
Another widely used balancing technique is known as the "in- 
fluence coefficient method. "   When applying this method,  it is generally 
not required to calculate the system dynamic characteristics, but 
such knowledge is indeed helpful. 
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It must be kept in mind that most flexible rotor balancing tech- 
niques are applicable only to synchronous rotor residual unbalance,   and 
that an unstable rotor-bearing system cannot be made stable by the 
techniques of balancing.    In fact,  most flexible balancing of practical 
machinery today is still basically a "trial-and-error" procedure! 
Other details of rigid and flexible rotor balancing would con- 
stitute a separate report.    This brief summary does,  though,  point out 
the applicability of the critical speed/response predictions toward ef- 
fective balancing of flexible rotors. 
"We conclude by saying that the state-of-the-art of critical speed 
prediction,   response analysis,  and balancing techniques would really be 
unnecessary if total homogeneity of the shaft and associated rotating 
hardware could be assured.    Since some amount of residual unbalance 
always exists,  these techniques will remain valuable tools in the analy- 
sis of the dynamics of rotating.shafts. 
Advanced Shaft "Whirl Mechanics 
The basic mechanics of nonsynchronous whirling of simple rotors 
is complicated,   and we will not examine any analysis here.    There are 
at present few,  if any,  general computer programs for the analysis of 
nonsynchronous whirling of shaft-bearing systems. 
It must always be borne in mind that even the most advanced 
synchronous whirl unbalance response computer programs do not in 
themselves take into consideration such factors as stiffening effects of 
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shrunk-on components,  abrupt shaft diameter changes,  and so on. 
These effects, brought into existence by the modeling procedure,  must 
be estimated by the system analyst.    The assumption of "linearized" 
bearing stiffness and damping coefficients must be assessed for each 
particular rotor-bearing system.    Otherwise,  seemingly "accurate" 
computer-generated numerical results maybe nothing more than ap- 
proximations . 
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9. A PRACTICAL APPLICATION 
OF THE RALEIGH AND DUNKERLEY METHODS 
Introduction 
A complete critical speed/unbalance response analysis includ- 
ing cross-coupled "linearized" bearing coefficients of a typical rotor- 
bearing system would undoubtedly necessitate the use of a large-scale 
digital computer program,   probably similar to the Lund-Orcutt   pro- 
gram (21. )   This type of analysis is certainly performed on high-speed 
systems such as an eight bearing turbine-generator set for commercial 
power production.    Not to mention the huge block of computer time 
involved,  the very mechanics of implementing such a program is out- 
side the scope of this paper.    We will,   therefore,   concentrate our 
effort in this chapter on the computation of approximate critical speeds 
of a real rotor-bearing system. 
System Identification 
The rotor-bearing system selected for analysis has been pro- 
vided by the Cameron Pump Division of the Ingersoll-Rand Company, 
Phillipsbiirg,  New Jersey.    Specifically, we will analyze a "6 x 16 JL" 
pump: a single-stage,  two bearing,   centrifugal machine.    Pertinent 
data for this system includes the set of twelve drawings (Figures 39 
through 50) and the following: 
Head: 900 ft 
Flow: 3500 gal/min 
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Rotor Speed: ' 3580 rpm 
BHP: 1200 
Bronze Impeller Weight: 87 lb 
It was made known that a severe problem of vibration oc- 
curred on several units at the normal operating speed of 35 80 rpm. 
Some type of solution is required for continued smooth operation of 
these units. 
Analys is 
Since we do not know at present any critical speed values,  we 
will begin with as simple an analysis as possible and then examine 
our results.    Such a starting point is provided by the well-known 
Raleigh or energy method for estimating the first bending critical 
speed of any rotor. 
Recalling (from Chapter 4) Raleigh's equation: 
the method of solution will be a combined numerical/graphical one, 
whereby the deflections at various points along the length of the shaft 
will be found. 
Procedure 
The basic procedure for the solution will be as follows: 
(1) Model rotor system and compute loadings and bearing 
reactions. 
(2) Draw shearing force diagram. 
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(3) Draw bending moment diagram froth (2). 
(4) Construct M/EI diagram. 
(5) Draw slope (dy/dx) diagram using (4). 
(6) Draw deflection diagram, from (5). 
(7) Compute £Wy,    iLWy    and calculate co from 
Raleigh's equation. 
(1) Modeling of Rotor System 
To simplify the modeling process,  we will neglect the shaft 
material outside the centerlines of the bearings,   since the majority of 
the weight is located toward the central (impeller) area of the shaft. 
The shaft is divided into seven sections with section 4 being the impel- 
ler/shaft section.    Refer to Figure 51 for identification of the shaft 
sections. 
Now, we construct the following table : 
Table 1 
Modeling of Rotor System 
* ** -7 Sect.       Length        OP Area     Volume    Weight I EI(xlO     ) 
1 7.625 2.500 4.91 37.44 10.60 1.92 5.76 
2 7.5625 2.510 4.95 37.43 10.59 1.95 5.85 
3 1.9375 3.375 8.95 17.34 4.91 6.37 19. 11 
4 7.000 3.375 8.95 62.65 104.73 9.56 28.68 
5 1.9375 3.375 8.95 17.34 4.91 6.37 19. 11 
6 7.5625 2.510 4.95 37.43 10.59 1.95 5.85 
7 7.625 2.500 4.91 37.44 10.60 1.92 5.76 
Note: standard inch,  pound units 
*      Includes impeller weight for section 4 (bronze impeller. ) 
Includes approximate stiffening effect for section 4 of 1.5 x nommaL 
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3 We assume the density of the steel rotor to be 0. 283 lb/in  .    By know^ 
ing the loadings, we may construct the loading diagram and compute 
the bearing reactions.    Refer to Figure 52.    Since the system as mod- 
eled is symmetrical, we may immediately calculate the bearing re- 
actions as follows; 
R.  =    ft.    =    [I        HJ/Z 
We obtain:      R      =   R2   =   78.47 1b. 
(2) and (3)       Shear and Bending Moment Diagrams 
Refer to Figure 53 (a) and (b). 
(4) M/EI Diagram 
Assuming a value (for steel) of E=30 x 10    psi, the M/EI 
diagram is constructed and is shown as Figure 54. 
(5) Slope Diagram 
The slope diagram is given as Figure 55 and is the integral of 
the M/EI diagram.    We approximate the curved lines by straight line 
segments.    Since the rotor is symmetrical, we know the point of zero 
slope. 
(6) Deflection Diagram 
The deflection diagram is the integral of the slope diagram. 
It is shown as Figure 56.    Again, we approximate curved lines by 
straight line segments. 
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(7) Estimation of  Oj^ 
We are now in a position to compute approximate values for 
2 
•£ Wy and  £Wy    using the approximate deflection curve.    We construct 
the table shown below. 
Table 2 
Estimation of  <=*jyt 
6 2 2 Sect. Weight y(xl0°) Wy y Wy 
5.7432xl0"3 2.9356xl0-7 3.1117X10"6 
1.4479xl0-2 1.8693xl0"6 1.9796xl0~6 
8.2048xl0'3 2.7924xl0"6 1.3711xl0"6 
1.7994xl0_1 2.9521xl0"6 3.0917xl0'4 
1671.04 8.2048xl0"3  2.7924xl0"6   1.3711xl0'6 
1.4479xl0"2   1.8693xl0"6   1.9796xl0~6 
5.7432xl0"3  2.9356xl0"7  3.1117xl0'6 
Note: standard inch,  pound units 
£Wy =  2. 3679x10" : lb-in;£Wy2=   3. 2209x:0-4Ib-//]2 
2 
Now with g = 386 in/sec   , we substitute the above quantities into 
Raleigh's equation: 
1 10.60 541.81 
2 10.59 1367.23 
3 4.91 1671.04 
4 104.73 1718.18 
5 4.91 
6 10.59 1367.23 
7 10.60 541.81 
%    ~ I   36C   &-   (2.367? x/0'') /*.-;* 
3. 22^f  X  to"*   /6- A** 
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This value is approximately higher than the actual first critical speed. 
In order to obtain an approximate lower limiting value of critical, 
speed we may use Dunkerley's method.    The appropriate equation   . 
(from Chapter 4) is: 
&)*• c<3* «0* cx>* 
In the modeling of the rotor system for Dunkerley's method, we 
take advantage of the fact that the system is symmetrical,, and that the 
shaft between the bearing centerlines is very nearly of uniform diame- 
ter.    We then break the system up into two components:   a uniform 
shaft and a concentrated (impeller) load as shown in Figure 57. 
The critical speed of a uniform,   simply-supported shaft is 
found to be: 
^ *       9. S7 y£i 3- /** t?   A*** 
The critical speed of a simply-supported shaft of negligible 
weight with a concentrated weight W is : 
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■where a   =   distance of W from left bearing 
b   =   distance of "W from right bearing 
For the shaft-impeller system we approximate D = 2.55 in 
uniiorm 
and     £- = 0.283 lb/in3 .    Now,  let: 
°J/    =    critical speed of system 
CO    -    critical speed of uniform shaft alone 
CO    =    critical speed of weightless shaft carrying a 
single disk (impeller)   . 
Therefore: 
# 
co     =r ?. er 
:v &?. 6>Z    /b       ( +/.ZS)* M* 748. 8   suu*. 
stc 
and: 
"22     = 13  (vox/*1) (z.oe)-('4l.2f) C-3S6) 
It is to be noted that the term W for    CL>22   includes both impeller weight 
plus shaft sleeve weights. 
.. Applying Dunkerley's equation: 
CO. / (74S. 8) (4C7. f )* 
The value obtained for CO   from the Dunkerley equation is,   approximately, 
the lower bound. 
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Conclusions 
Considering the limited accuracy of both Raleigh and Dun- 
kerley methods,  we should rightly suspect a first-mode "resonance. " 
We should keep in mind that due to the flexibilities in the oil films of 
the two journal bearings,  the critical speed will be lower than that 
calculated for "rigid" bearings (bearing centerline remains fixed.)   A 
more accurate estimate of the first mode critical speed may be made 
with more advanced methods such as the Prohl method, but this neces- 
sitates the writing of a fairly lengthy digital computer program.    In 
addition,  if the bearing stiffness and damping coefficients are accurately 
known,  a response analysis such as the Lund-Orcutt analysis (21) may 
be effectively utilized,  provided that the program is readily available. 
Even without these highly sophisticated techniques, we are al- 
ready quite certain that a first-mode resonance is the probable cause 
of excessive vibration.    The best practical way of eliminating such a 
vibration is to stiffen the rotor and/or bearings,   or to decrease the 
bearing centerline distance.    Of course, we should not overlook the 
possibility of an unstable whirl due to oil film forces ("oil whip. ") 
It should be obvious that even for a relatively simple shaft- 
bearing system such as the one presented,  considerable effort is re- 
quired to obtain the approximate critical speed.    The values obtained 
(from Raleigh's and Dunkerley's method  ) could be somewhat improved 
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) 
by using a better integration method,   such as Simpson's method,   due 
to existence of the power curves actually obtained by integration of 
the M/EI  curve.    The Stodola method may also be utilized for a bet- 
ter approximation. 
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FIGURE 1 - Whirling Shaft 
0 ■> 
Disk mass     m 
Center of mass     G 
Geometric disk center     S 
Location of G from S - e 
FIGURE 2 - Forward Synchronous Whirl (Fixed Bearings) 
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ReF. 
FIGURE 3 - Graphical Solution of Differential Equation 
mx + ex + kx = F    sinwfc o 
01 -G 
e i- 
°j  Sf *G    1 
(a) 00 
At rest CO <   to O,  S,  G collinear 
FIGURE 4 - Forward Synchronous Whirl (Fixed Bearings) 
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*■   CO 
FIGURE 5 - Graph of y versus (0: 
Forward Synchronous Whirl (Fixed Bearings) 
(kx ,  ky) 
FIGURE 6 - Forward Synchronous Whirl (Flexible Bearings) 
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FIGURE 7 - System For Cylindrical Whirl of Rigid Shaft 
K x t 
nbalance 
RIG3 v.y 
< L/2 
FIGURE 8 - System For-Conical Whirl of Rigid Shaft 
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FIGURE 9  - Example System 
A 
*£t =»    2o  //? 
£* *»  /d   x* 
FIGURE 10 - Example System 
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FIGURE 11 -Rotary Inertia Effect 
0>) 
FIGURE 12 - Rotary Inertia Effect 
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FIGURE 13 - Gyroscopic Effect 
/ 
m?- r^i 
? 
FIGURE 14 - Shaft Discontinuities 
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Configuration 
Static Deflection Curve 
"Better" Approximation to Static Deflection Curve 
FIGURE 15 - Raleigh's Method 
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FIGURE 16 - Holzer Method 
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FIGURE 17 - Holzer Method 
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FIGURE 18 -. Example of Dunkerley  Method 
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FIGURE 19 - Prohl or Myklestad Method 
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Bearing Stiffness K (log scale) 
FIGURE 20 - Impedance Matching; After (4) 
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(a) Plain Cylindrical Bearing:   simplest type; grooving usually 
required for oil lubrication 
(c) 
(d) 
(e) 
(f) 
(b) Four Axial Groove Bearing:   commonly used for oil lubrication 
Elliptical Bearing: often used as oil lubricated bearing in gear 
and turbine applications 
Partial Bearing: generally not a practical bearing in itself; 
usually,   partial arcs are combined 
M Tilting-Pad Bearing: high-speed applications; usually compLefely 
stable i 
4   I   * 
Hydrostatic Bearing: usually bearing load is quite high; lubricant 
is pressure-fed 
(g) Ball Bearing: limited life 
FIGURE 21 - Common Journal Bearings 
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Radial Clearance C 
(a) 
Plain Cylindrical Bearing 
Journal 
Bearing 
Arc Length 
(b) 
Partial Bearing 
Note: clearances exaggerated to show detail 
FIGURE 22 - Journal Bearing..   Geometry 
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Bearing Housing 
Journal 
Tilting Shoe 
won 
(c) 
Tilting-Pad Bearing / Load Between Pads 
Note: clearances exaggerated to show detail 
FIGURE 22 - Journal Bearing Geometry 
(Continued) 
Load on pad is common also.    For above diagram, with four 
pads,  pivot configuration -would be rotated through 45   degrees. 
98 
(a) 
Radial Clearance C 
Note: clearances exaggerated to show detail 
Bearing 
Center 
Journal 
Center 
(b) 
Eccentricity e 
FIGURE 23 - Radial Clearance and Journal Eccentricity 
Attitude Ancle 
Bearing 
Center 
ournal Center 
Attitude Line 
Note: clearance exaggerated to show detail 
FIGURE 24 - Attitude Line and Attitude Angle 
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Bearing Center 
Journal Center 
Increasing W 
FIGURE 25 - Journal Locus (counterclockwise rotation) 
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FIGURE 26 - Typical Graphs of S versus £ 
(Plain Cylindrical Bearings) 
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Static 
Stiffness, 
dW/dx 
FIGURE 27 - Static Stiffness versus £ 
Note: clearance exaggerated to show detail 
FIGURE 28 - Journal Force Analysis 
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Bearing 
Center 
V 
Locus of journal axis under steady 
vertical load 
y\        * Force vector A. 
^Displacement vector 
FIGURE 29 - Journal Attitude Diagram 
(counterclockwise rotation) ; 
After Smith (16) 
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Coefficients 
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Cb) 
Dirnensionless Damping 
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IJO 
FIGURE 30 - Dirnensionless Stiffness and Damping 
Coefficients for Full Circular Bearings (L/D =1); 
After Orcutt and Ar-was (20) 
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FIGURE 31 - Experimentally-Determined Bearing 
Spring and Damping Coefficients; 
After Hagg and Sankey (18) 
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FIGURE 32 - Typical Response Curve 
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FIGURE 33 - Advanced Response System. 
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FIGURE 34 - Hysteresis Diagram 
Attitude Line 
Note: clearance exaggerated to show detail 
FIGURE 35 - Dry Friction Whirl 
107 
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FIGURE 36 - Effect of Gravity on Horizontal Disk-Shaft System 
CD 
FIGURE 37 - Shaft of Nonuniform Bending Flexibility 
/ 
Disk geometric center 
$ wy 
FIGURE 38 Effect of Gravity on Unbalanced Disk 
(Horizontal Shaft) 
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FIGURE 52  - Loading Diagram Schematic 
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Note: Diagrams not to scale 
FIGURE 53 - Shear and Bending Moment Diagrams 
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FIGURE 54  - M/EI Diagram (x 10  ,  in"   ) 
Note: Diagram not to scale 
•'*«.** 
FIGURE 55 - Slope (dy/dx) Diagram (x 10   ,   rad) 
Note: Diagram not to scale 
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Note: Diagram not to scale 
FIGURE 56  - Deflection Diagram (x 10   ,  in) 
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FIGURE 57 - Modeling of System for Dunkerley Method 
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